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Abstract  —  Although microwave metamaterials may seem 
unrelated to gamma-ray astrophysics, it is shown that both 
phenomena may be expressed using left-handed extensions to 
Maxwell’s equations.  For metamaterials, such extensions 
represent the left-handed behavior of materials.  For gamma-ray 
bursts, such extensions represent unknown dispersive processes, 
such as quantum gravity, where GeV gamma rays commonly 
arrive significantly later than low-energy photons.  Recent 
quadratic gamma-ray dispersion models then lead to modified 
Helmholtz equations and concomitant extensions to Maxwell’s 
equations.  The resulting differential equations are shown to be 
identical to certain metamaterial models, with right-handed low-
frequency behavior, a forbidden band, and left-handed high-
frequency behavior.   

Index Terms — Electromagnetics, gamma rays, Maxwell 
equations, metamaterials. 

I. INTRODUCTION 

Although recent developments in microwave metamaterials 
may seem quite unrelated to new results in the astrophysics of 
gamma-ray bursts, it is straightforward to show that both 
phenomena may be expressed by augmenting Maxwell’s 
equations with additional left-handed terms.  In the case of 
metamaterials, such additional terms in the differential 
equations represent the left-handed behavior of materials.  In 
the case of gamma-ray bursts, such additional terms represent 
unknown processes, which could account for experimental 
observations of dispersion in GeV gamma-ray photons [1]-[2].  

 In astronomical measurements of gamma-ray bursts, high-
energy gamma rays commonly arrive significantly later than 
low-energy photons.  Recent results show dispersion in short 
gamma-ray bursts of up to 859 ms for 31 GeV photons, and 
the data tend to favor quadratic dispersion models over linear 
models [1].  Certain quantum gravity models also predict 
dispersion, suggesting some sort of modification to Maxwell’s 
equations.  Fortunately, such phenomena are predicted only at 
extremely high frequencies where photon energies approach 
the Planck scale of 1.22 ×1019 GeV, where the Compton 
wavelength approaches the Schwarzschild radius of a black 
hole [3].   To avoid controversies surrounding quantum 
gravity theories, the present discussion is more conservatively 
based on recent empirical evidence for dispersion.    

In the following development, the aforementioned quadratic 
model for the variation of the velocity of light as a function of 
photon energy is substituted into the Helmholtz equation.  The 
form of the modified Helmholtz equation, in turn, suggests 
modifications to the underlying form of Maxwell’s equations.  
Although a number of underlying candidate forms are 

possible, the lowest order form of the resulting equations is 
primarily considered.  Interestingly, the differential equations 
for the gamma-ray model are then shown to be identical to 
certain composite right/left-handed (CRLH) metamaterial 
equations [4].  Thus, the resulting sets of differential equations 
are shown to exhibit right-handed behavior at low frequencies, 
a forbidden stop-band, and left-handed behavior at high 
frequencies [4]-[6]. 

In the following section, a quadratic gamma-ray dispersion 
model is substituted into the Helmholtz equation to derive 
corresponding differential equations having the appearance of 
extensions to Maxwell’s equations.  In the subsequent section, 
corresponding metamaterial models are shown to give the 
same form of differential equations, with the usual left-handed 
and right-handed behavior of metamaterials.   

II. QUADRATIC GAMMA-RAY DISPERSION MODEL 

In recent measurements of astronomical gamma-ray 
dispersion, the velocity of light has been approximated as a 
power series expansion for photon energies well below the 
Planck energy.   In this power series, the photon group 
velocity vg is typically expressed as a function of photon 
energy Eω, or of angular frequency ω, up to second order [1]: 
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where Eω=hω/(2π) is photon energy in eV, k=ω/vp is 
wavenumber, vp is phase velocity in m/s, Planck’s constant is 
h=4.14×10-15 eV⋅s, Ep=1.22×1028 eV is the Planck energy, ω is 
frequency in rad/s, c=3.0×108 m/s, and ξ, ζ, a1, and a2 are free 
parameters.  However, recent gamma ray measurements also 
suggest that the linear term a1 in (1) may be zero, and so 
vg=c(1-a2ω2) [1].   The phase velocity vp is approximated as: 
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To see this, dk/dω=d{ω/(c-a2cω2/3)}/dω≈d{(ω+a2ω3/3)/c}/dω, 
so dk/dω≈(1+a2ω2)/c, and then dω/dk=c/(1+a2ω2) ≈c(1-a2ω2) 
as in (1), for a2ω2<<1 and a1=0.  It is straightforward to 
incorporate the foregoing dispersion model (2) into the 
Helmholtz equation, in such a manner that the resulting 
electromagnetic equations remain consistent with the classical 
electromagnetic equations at low frequency.   To begin, 
consider the free-space Helmholtz equation for low energy 
photons in vacuum [7]: 
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with electric field E in V/m, magnetic field H in A/m, and the 
corresponding free-space form of Maxwell’s equations: 
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where the permittivity of free space is ε0=8.85×10-12 F/m and 
the permeability of free space is μ0=1.26×10-6 H/m.  
Substituting the velocity vp from (2) for the velocity c in (3) 
gives the modified Helmholtz equation: 
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where, for present purposes of illustration, the denominator 
terms beneath ε0 and μ0 were equally distributed on the right 
side of (5).   Equation (5) would then have the usual plane-
wave solution 
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where vp = c(1−a2ω2/3), k=ω/vp is the wavenumber, and vp is 
the phase velocity in m/s.  Comparison of (5) with (3) further 
suggests that Maxwell’s equations in (4) should then become: 
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or 
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where it is noted that (a2ω
2/3)∇×E can be insignificant relative 

to ∇×E at low frequencies and can be dominant at high 
frequencies.  Finally, the form of (8) suggests: 
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Equation (9) is then the proposed extension of Maxwell’s 
equations, based on the quadratic gamma-ray dispersion 
model in (2) and the corresponding Helmholtz equation in (5). 
Finally, a2 is obtained from recent gamma-ray measurements 
in [8], where Ep/(ζ0.5) ≈ 5×1018 eV.  Then, a2 = ζ h2/(2πEp)2 ≈ 
1.74×10−68  s2, so 
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As noted previously, the denominator terms beneath ε0 and 
μ0 were equally distributed on the right side of (5).  To 
illustrate other possible arrangements, consider  
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which would then suggest the following alternative gamma-
ray dispersive form of Maxwell’s equations: 
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where the result in (12) exhibits less symmetry and higher 
order derivatives than the preferred form of equations given in 
(9) and (10).  Although other rearrangements of (5) are 
possible, the result in (9) seems most attractive because of the 
symmetric form and the absence of high-order derivatives. 

III. CORRESPONDING METAMATERIAL MODELS 

Interestingly, the foregoing dispersive gamma-ray results 
have the same form as a particular metamaterial model related 
to composite right/left-handed microwave structures [4].   To 
see this, first consider the right-handed transmission line 
model of Fig. 1. The right-handed transmission line equations 
for Fig. 1 also correspond to the three-dimensional Maxwell’s 
equations as follows (assuming no sources) [6]-[7]: 
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where the transmission line equations are on the left and the 
corresponding Maxwell’s equations are on the right.  The 
transmission line distributed inductance is LR H/m, the 
distributed capacitance is CR F/m, μ is permeability in H/m, 
and ε is permittivity in F/m.  Taking the curl of both sides of 
the top right equation of (13) then gives 



 

 

   

! 

"#"# E = $µ
% "#H
%t

 ,   (14) 

and, where ∇⋅E=0, the wave equation follows as: 
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with the usual plane-wave solution as in (6).  
The foregoing correspondence between Fig. 1 and 

Maxwell’s equations in (13) for right-handed systems is next 
used as a template for developing the desired left-handed 
extensions to Maxwell’s equations for metamaterials.  Along 
the lines of Fig. 1, a composite right/left-handed transmission 
line is given in Fig. 2.  The right-handed distributed 
parameters are LR in H/m and CR in F/m as before, and the left-
handed distributed parameters are LL in H⋅m and CL in F⋅m.   

The chosen topology in Fig. 2 exhibits right-handed 
behavior at low frequencies and exhibits left-handed behavior 
above a frequency bandgap.  The corresponding extensions of 
Maxwell’s equations will then exhibit the normal right-handed 
behavior of Maxwell’s equations at low frequency, as 
expected for low-frequency photons with a2ω

2<<1 in (8).    
Following the same approach used in (13) and Fig. 1, the 

composite right/left-handed transmission line equations for 
Fig. 2 correspond to the following set of equations (assuming 
no sources): 
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where the transmission line equations are on the left and the 
corresponding extensions to Maxwell’s equations are on the 
right.  Derivatives are also taken in two places to remove the 
integral forms in the third and sixth lines of (16).  On the right 
side of (16), εL is defined as left-permittivity in F⋅m, and μL is 
defined as left-permeability in H⋅m.  In addition, the electric 
(E) and magnetic (H) fields are expressed in terms of the sums 
of left-handed contributions (EL and HL) and right-handed 
contributions (ER and HR) to the total fields, in the same 
manner as the decomposition of the currents and voltages of 
Fig. 2 into left-handed (vL and iL) and right-handed (vR and iR) 
components. 

The equations in (16) can be combined to eliminate the left-
handed and right-handed components of the fields.  Taking the 
derivative of the third line of (16) and adding the result to the 
first line of (16), HR and HL can be eliminated as follows: 
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where the second and third lines of (17) were added to arrive 
at the final line of (17).  Similarly, ER and EL can be 
eliminated: 
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Figure 1.  Simplified right-handed transmission line model. 

 

Figure 2.  Simplified right/left-handed transmission line model. 
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The foregoing results give the final extensions of Maxwell’s 
equations for the right/left-handed metamaterial system of Fig. 
2 (assuming no sources): 
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Comparing (19) with (9), the general forms of the 
extensions of Maxwell’s equations are identical for the 
metamaterial model of Fig. 2 and the quadratic dispersive 
gamma-ray model of (2).   In particular, the metamaterial 
result of (19) is identical to the gamma-ray model of (9) and 
(10) when ε = ε0, μ = μ0, and a2/3 = ε0μL = εLμ0 ≈ 5.8×10−69 s2.   
Solving for εL and μL in this case then gives εL ≈ 4.6×10−63 F⋅m 
and μL ≈ 6.6×10−58 H⋅m. 

Unfortunately, the associated wave equation for the 
right/left-handed system of (19) is not straightforward, as seen 
by taking the curl of both sides of line 1 of (19): 
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Then, using line 4 of (16), the modified wave equation 
follows as (where ∇⋅E=0): 
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where the right side of the result is complicated by the 
appearance of ER instead of E.  Nevertheless, it is possible to 
solve for E by substituting the plane wave solution of (6) into 
(21), and after considerable rearrangement, the result for the 
square of the phase velocity vp

 2 is: 
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where the frequency bandgap is determined by ω1=(μLε)-1/2 and 
ω2=(μεL)-1/2. 

From (22), the phase velocity is vp ≈ (με)-1/2 at low 
frequency.  Between ω1 and ω2 there is a bandgap where vp

 2 is 
negative, the phase velocity is imaginary, and the wave 
exponentially decays without propagating. At higher 
frequencies beyond the bandgap, a left-handed solution is 
found with dispersive phase velocity vp ≈ ω2(μLεL)1/2.  

In the case of the gamma-ray dispersion, recall that a2/3 = 
ε0μL = εLμ0 so that ω1 = (μLε0)-1/2 = (a2/3)-1/2  and ω2 = (μ0εL)-1/2 
= (a2/3)-1/2 and it quickly follows that (22) becomes:  
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which corresponds exactly with the square of the gamma-ray 
dispersion in (2).  In addition, the ratio of the left-handed field 

to right-handed field from (16) can be calculated for the 
metamaterial model.  To find this ratio, first use the following 
relation from lines 4 and 5 of (16): 
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then taking the derivative of both sides, 
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and so EL = −εμLω2ER for the plane wave solution of (6).  
Therefore, the ratio of the left-handed field contribution EL to 
the right-handed field contribution ER would be approximately 
|EL/ER| = εμLω2, and thus EL is typically negligible at low 
frequencies for the metamaterial model in (19).  

IV. CONCLUSION 

The dispersive velocity of light observed in gamma-ray 
bursts and predicted by certain quantum gravity models 
suggests adding quadratic dispersion to the Helmholtz 
equation.  The resultant differential equations for gamma-ray 
dispersion in (9) have the form of extensions to Maxwell’s 
equations, where the added terms account for the dispersion. 
Interestingly, the gamma-ray model is also identical to a 
corresponding composite right/left-handed metamaterial 
model in (19), with the usual left-handed and right-handed 
behavior of metamaterials. 
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