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Abstract
Recently, a novel set of simple conditions were
presented for canceling third order nonlinearity in a twostage amplifier topology. In the present work, detailed
linearization conditions are developed for a four-stage
topology, expanding upon a prior brief outline of the
method. The proposed four-stage topology offers potential
advantages in integrated circuit implementation of
feedforward linearization, where bulky passive couplers
can be replaced by well-matched active circuits. Although
the primary focus is on elimination of third order
nonlinearities, the approach is readily extended to other
order nonlinearities and alternative circuit topologies. In
the development, linearization conditions are derived in
terms of the gains, intercept points, and coupling
coefficients of the devices. The approach provides a more
straightforward treatment than more common polynomialbased analysis. In essence, the present methods take a
spectral viewpoint, where nonlinear components generated
in the frequency spectrum are considered throughout the
system and cancelled at the final output. For the two-stage
and four-stage topologies, an uncomplicated set of
linearization conditions are provided in terms of device
characteristics.

1. Introduction
In radio receivers, nonlinear distortion limits the ability
to receive weak signals in the presence strong signals. In
radio transmitters, nonlinear distortion leads to spectral
regrowth that causes interference in adjacent frequency
channels. Although a variety of approaches have been
proposed to mitigate nonlinearity with varying success,
researchers continue to search for new linearization
methods.
Recently, a simple set of conditions was presented for
cancellation of third-order nonlinearity in a simple
feedforward topology comprised of two amplifier stages
with equal-amplitude couplers [1]-[2]. In this earlier work,
experimental results confirmed the efficacy of the
theoretical approach and demonstrated that phase matching
and amplitude matching issues could be overcome in
practical circuits. In addition, an extremely brief result was
given for linearization in a four-stage topology, without any
theoretical development [2]. In the present article, the
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underlying theoretical results are extended to a wider range
of circuit topologies and the framework is laid for extension
of results to nonlinearities of any order.
Beyond the specific problems considered below, the
overall linearization approach also provides insight for the
development of alternative topologies and alternative
circuit configurations. In particular, the four stage topology
that is discussed later can be considered as a conventional
feedforward topology with delay lines replaced by
amplifiers. In this four stage linearization approach, the
nonlinearities and gains of the amplifiers (replacing delay
lines) may be taken into consideration such that overall
cancellation of nonlinearity is preserved. Such elimination
of delay lines may offer cost or size advantages in certain
applications, where integrated circuit implementations of
the four-stage topology can ensure performance tracking of
devices.
A large number of linearization approaches have been
proposed, including feedforward
[3]-[4], Linear
Amplification Using Nonlinear Components (LINC)[5],
Digital Predistortion[6], Envelope Elimination and
Restoration (EER)[3], and others [7]-[9]. These competing
techniques have different advantages and disadvantages in
cost, complexity, signal processing overhead, component
phase or time delay matching, etc. Further, cross-coupled
CMOS amplifiers are a form of the earlier two-stage
topology that is useful in integrated circuit applications
[10]-[12]. However, the polynomial approaches used in
analysis of the cross-coupled devices offer less insight than
the present methods for alternative topology development.
The proposed approach is based on a more generic spectral
viewpoint, where nonlinear components of the frequency
spectrum are considered throughout the system and
cancelled at the final output.
In the following, linearization conditions for a two stage
topology are first presented for variable input and output
coupling coefficients. Using the same general approach,
linearization conditions are then derived for a four stage
topology.

2. Linearization Conditions
The basic two-stage linearization topology is given in
Fig. 1, following earlier results [1]-[2]. The input signal Pin
is first divided into two signals P1in and P2in by coupler
C1. Each output of the coupler is the applied to one of the
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Fig. 1. Two-stage topology. Input signal Pin splits
into two signals, P1in and P2in, which are applied to
inputs of nonlinear amplifiers A1 and A2. The
output signals from the A1 and A2, P1out and P2out,
are recombined in coupler C2 to form the final
output signal Pout.

inputs of the two amplifiers, A1 and A2. The two amplifier
outputs, signals P1out and P2out, are recombined in the
output coupler C2 to form the final output Pout. Typically,
either the input coupler or the output coupler will include a
180 degree phase shift so that the undesired nonlinearities
are cancelled in the output. Finally, note that although two
amplifiers are shown in Fig. 1, other nonlinear devices
could be used.
To develop the conditions for linearization, consider the
situation where two-tone input signals are applied to
amplifiers A1 and A2. Under these conditions, the output
spectra of amplifiers A1 and A2 may appear as illustrated
in Fig. 2. In each spectrum of Fig. 2, the two innermost
spectral lines represent the two original input frequencies,
and the two outermost spectral lines in each spectrum
represent third order distortion products. The power level
of the outermost spectral lines corresponding to the thirdorder two-tone intermodulation distortion for each
amplifier may be calculated as
3  3  33  

,

(1)

where Pout is the linear output power level in dBm
(innermost spectral lines), P3 is the output power level of
the third order distortion in dBm (outermost spectral lines),
and OIP3 is the output third order intercept of the device in
dBm [3].
Returning to Fig. 1, define the coupling coefficient of
coupler C1 to be K1 = P2in – P1in where K1 is in dB and P1in
and P2in are in dBm. Next, K2 defines the coupling
coefficient of coupler C2 where the output signal of C2 in
dBm due to signal P2out is equal to P2out+K2, and where the
output signal of C2 due to signal P1out is equal to P1out. The
total output of C2 is then P2out+K2+P1out. Then, the third
order output distortion level of amplifier A1 is

Spectrum 2

Fig. 2. Illustration of frequency spectra at the output
of two amplifiers where two outermost spectral lines
in each spectrum represent third order distortion
products.

3  3  33  



 ,

(2)

where P31 is the output power level of the third order
distortion in dBm for amplifier A1, OIP31 is the output
third order intercept point of A1, and G1 is the gain of A1.
Since P2in = P1in + K1, the third order output distortion level
of amplifier A2 is
3  3  33     
 3  33       

(3)

where P32 is the output power level of the third order
distortion in dBm for amplifier A2, OIP32 is the output
third order intercept point of A2, and G2 is the gain of A2.
Further, assume that output coupler C2 subtracts the two
signals, combining P1out and P2out 180 degrees out of phase.
When the power levels of the distortion are equal at the
final output Pout, the third order distortion is then cancelled.
Therefore, third order distortion is cancelled when P32 + K2
= P31 at the output of coupler C2. Substituting into this
equation from Eqs. (2) and (3), third order nonlinearity is
cancelled when
3        23  3   , (4)
where G1≠G2+K2+K2, such that the desired linear signal is
not cancelled along with the nonlinear distortion. The
amount of signal loss due to the subtraction that occurs in
coupler C2 is reduced when G1 >> G2 + K1 + K2.
Although the foregoing analysis is for third order
nonlinearity, the results can be readily extended for other
nonlinearities. In this, the analysis proceeds as above
except that Eq. (1) is replaced by the corresponding
equation for the order of the nonlinearity. For the example
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Figure 3. Four-stage topology with frequency spectra illustrated at various points.

of fifth order nonlinearity, Eq. (1) would become
P5=OIP5-5(OIP5- Pout), and so forth.
The foregoing linearization conditions can be
demonstrated with a simple example. First, consider the
particular case of G1=23 dB and OIP31=30 dBm, and
G2=15 dB and OIP32=15 dBm, K1= -1 dB, K2= -3 dB
which satisfy Eq. (4). Next, let the input signal to amplifier
A1 be -10 dBm, which also results in an input to amplifier
A2 of -10 + K1 = -11 dBm. The third order distortion level
at the output of A1 is then 30 - 3(30 - (-10 + 23)) = -21
dBm. At the output of A2, third order distortion is
15 - 3(15 - (-11 + 15)) = -18 dBm. After the passing
through coupler C2, the output level due to A2 becomes
-18 + K2 = -21 dBm. Thus, the third order distortion is
canceled when the two signals are added 180-degrees out of
phase in the second coupler C2. The desired signal is not
canceled, since the desired linear components of the signal
are of unequal amplitude at the final output. In the present
example, the linear signal outputs for the two amplifiers are
-10 + G1 = 13 dBm for the first stage and -10 + K1 +K2 +G2
= 1 dBm for the second stage. It is also important to
observe that the cancellation of distortion is not dependent
input signal level, since the third order distortion levels for
both stages change 3 dB for each dB change in the input
signal.

3. Four-Stage Linearization Conditions
The preceding analysis for the two-stage topology of
Fig. 1 is readily extended to the four-stage linearization

topology of Fig. 3. This four-stage topology is essentially a
feedforward linearization topology, except that delay lines
are replaced by amplifiers having matched delay. One
particular advantage of the approach in Fig. 3 is that it is
well-suited to integrated circuit implementation, since the
constituent components may be well-matched and no bulky
passive microwave couplers are employed.
In Fig. 3, a two-tone input spectrum is illustrated in
spectrum (a). At the output of amplifiers A1 and A2,
spectra (b) and (c) have outermost spectral lines
representing third order nonlinear distortion, with the
innermost lines representing the original input frequencies.
Error spectrum (e) is formed by subtracting an attenuated
version of spectrum (b) from (c). By careful selection of
the gains and intercept points of all four stages in Fig. 3, the
third-order distortion present in spectrum (f) can be
cancelled by subtracting compensating signal spectrum (g)
to form a final output spectrum (h) devoid of third order
distortion. As illustrated in (e), the signal amplitude is
reduced to zero in the error signal, although it does not
necessarily need to be reduced to zero. In any event, it is
preferable that the distortion is the dominant component of
the signals of spectra (e) and (g). Such removal of the
desired-signal component of the spectrum at (e) prevents
saturation of the error amplifier (A4) in the bottom right of
Fig. 3.
A detailed analysis of the linearization conditions for the
four-stage topology of Fig. 4 follows the same general
procedure as set forth in the preceding section for the two
stage topology. However, the large number of free
parameters in Fig. 4 leads to many possible different
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solutions for the linearization conditions. Nevertheless, it
is instructive to consider a simplified analysis of the
conditions for linearization of the topology shown in Fig. 3.
To illustrate one possible approach to the analysis of Fig. 3,
the case of a power amplifier application is considered
below.
To avoid unduly complicating the present
discussion, several simplifying assumptions are used.
Exact solutions, without simplifying assumptions, can be
readily implemented on computer.
First, let the power amplifier stage be amplifier A3, and
let the primary signal path be through A1 and A3. In this
case, it may then reasonable to further assume that the
output nonlinearities are primarily produced by power
amplifier A3 and its associated output intercept point in
dBm, OIP33. Then, for an input signal level Pin dBm, the
output level at A3 is P3o=Pin+G1+G3, where G1 and G3 are
the gains in dB of A1 and A3. Then, the third order
distortion at the output of A3 is approximately
3  3  33        ,

(5)

where P33 is the output power level of the third order
distortion in dBm for amplifier A3 as illustrated in
spectrum (f).
Second, let the linear signal levels at (c) and (d) in Fig. 3
be equal, so that there is only distortion present in spectrum
(e). This restriction sets G2=G1+K, where K is the gain of
the attenuator in dB.
Third, let the dominant distortion contributing to
spectrum (e) be the distortion at the output of A2, and let
A4 not contribute additional distortion. Then, the third
order nonlinear distortion at the output of A4 is
approximately
3    3  33      ,

(6)

where P34 is the output power level of the third order
distortion in dBm for amplifier A4 as illustrated in
spectrum (g).
Given the foregoing simplifying assumptions for this
power amplifier example, the third order nonlinearities
would be cancelled under the conditions that the distortion
at the outputs of amplifiers A3 and A4 are equal, or P3A3 =
P3A4. Substituting from Eqs. (5) and (6), the conditions for
linearization of the power amplifier under the foregoing
assumptions
3  33       
   3  33     
or, rearranging,
3        23  3 ,

(7)

where Pin was eliminated from the final result.
The foregoing linearization conditions can be illustrated
with a simple example. In the following, a number of

simplifying assumptions are used to avoid an
overcomplicated discussion. More exact results can be
obtained through computer simulation.
First, consider the particular case where G1 = 10 dB,
OIP1 = 30 dBm, K = -10 dB, G2 = 0 dB, OIP32 = 10 dBm,
G3 = 20 dB, OIP33 = 40 dBm, G4 = 30 dB, and
OIP34 = 26 dBm. Also, note that these values for intercept
points and gains satisfy Eq. (7). For these parameters, let
the input to the system of Fig. 3 be a two-tone signal at
-5 dBm. The output of amplifier A1 will then be 5 dBm
with third distortion level at -45dBm, and the output of
amplifier A2 will be -5 dBm with third order distortion of
-35 dBm. Next, the output of A1 passes through the
attenuator and results in an attenuator output of -5 dBm
with third order distortion of -55 dBm. Then, the outputs of
the attenuator and amplifier A2 are subtracted, cancelling
the -5dBm linear signal, to produce the error signal. Since
the third order output of the attenuator is 20 dB below the
level of the third order output of A2, assume that the error
signal equals the -35 dBm third order output level of
amplifier A2, for simplicity. This error signal is amplified
to a level of -5dBm at the output of amplifier A4. The
output of A1 is also amplified in amplifier A3 and will be
25 dBm with third order distortion of -5dBm. In this, the
amplified third order output of A1 is 20 dB below the third
order created in A3, and omitted for simplicity. Thus, the
third order distortion levels at the outputs of amplifier A3
and A4 are both -5 dBm, and are therefore cancelled after
subtraction at the final output in Fig. 3. Finally, note that
many solutions are possible since there are a large number
of free parameters.

4. Conclusion
A simple set of conditions is provided for linearization
of a two-stage circuit topology, with the added free
variables of unequal signal coupling at the input and output,
and with an outline of extensions for other order
nonlinearities.
The resulting conditions are simple
equations relating the gains, intercept points, and coupling
coefficients of the circuit.
Although there are many
solutions for linearization conditions of a four-stage
topology, simplified linearization conditions were
presented for a power amplifier application. With a few
simplifying assumptions, a simple set of linearization
conditions was derived for the four-stage topology. By
following the described approach to the problem, detailed
analysis of linearization conditions can be readily
implemented on a computer without simplifying
assumptions.
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